Chiral perturbation theory in the two-flavour sector allows one to analyse Green functions in qcd in a limit where the strange quark mass is considered to be large in comparison to the external momenta and to the light quark masses m u and m d . In this framework, the low-energy constants of SU(2) R × SU(2) L depend on the value of the heavy quark masses. In a recent article, we have worked out, for the coupling constants l i which occur at order p 4 in the chiral expansion, the dependence on the strange quark mass at two-loop accuracy. Here, we provide analogous relations for some of the couplings c i which are relevant at order p 6 . To keep the calculations somewhat reasonable in size, we consider only those  couplings which enter the Green functions built from vector-and axial vector quark currents in the chiral limit m u = m d = 0, m s = 0. This provides the matching for  linear combinations of the  couplings.
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At low energies and small quark masses, the Green functions of quark currents can be analysed in the framework of chiral perturbation theory (χpt) [1, 2, 3] . The method allows one to work out the momentum and quark mass dependence of the quantities of interest in a systematic and coherent manner. It is customary to perform the quark mass expansion either around m u = m d = 0, with the strange quark mass held fixed at its physical value (χpt 2 ), or to consider an expansion in all three quark masses around m u = m d = m s = 0 (χpt 3 ). The corresponding effective Lagrangians contain low-energy constants (lecs) that parametrise the degrees of freedom which are integrated out. The two expansions are not independent: one can express the lecs in the twoflavour case through the ones in χpt 3 , referred to as matching in the following. In Ref. [3] , the pertinent relations for the couplings l i -which occur at order p 4 in χpt 2 -were worked out at one-loop order. Recently, this matching has been performed at two-loop order [4] .
In this article, we investigate the analogous relations for the lecs c i which enter the effective Lagrangian of χpt 2 at order p 6 . The structure of the expansion is the following,
Here, F (M K ) denotes the pion decay constant (the kaon mass) in the chiral limit 1 . The constants d im are the coefficients we are after: the d i2 , d i1 , d i0 require a tree, one-loop and two-loop calculation, in order. Furthermore, the d i0 are linear in the p 6 couplings C i from χpt 3 . This shows that, in order to have the relation between the c i and C i at leading order correct, a two-loop evaluation of the local terms in the effective action of χpt 3 at order p 6 is needed. For the corresponding relations between l i and L i at leading order, the expansion of the one-loop action of χpt 3 at order p 4 suffices.
It turns out that the required calculations are very complex. We circumvent the problem at the cost of loosing some information: we confine ourselves to the investigation of those lecs that occur in the Green functions of vectorand axial vector currents in the chiral limit. This allows one to remove the external scalar and pseudoscalar sources in the effective Lagrangian of the three flavour framework nearly altogether: it suffices to set s=diag(0,0,m s ), and p = 0. This simplifies the calculations considerably. On the other hand, as we will see, we can provide the matching for only  linear combinations of the  lecs that occur in the Green functions mentioned.
We comment on related works available in the literature, aside from the ones already mentioned. i) The strange quark mass expansion of the χpt 2 lec B (F 2 B) was provided at two-loop accuracy in Ref. [5] ( [6] ). ii) Matching of the order p 6 lecs in the parity-odd sector was performed recently in Ref. [7] . iii) Analogous work was done in the baryon sector in Ref. [8] , and for electromagnetic interactions in Refs. [9, 10, 11, 12] . iv) The authors of Refs. [13, 14] investigate what happens if chiral symmetry breaking exhibits different patterns in χpt 2 and χpt 3 . The literature on the subject may be traced from Ref. [14] . In this scenario, a substantial strange quark mass dependence may show up, as a result of which χpt 3 must be reordered and the effect of vacuum fluctuations ofss pairs summed up. Whether the relations provided below favour such a situation is not investigated here -the present work just provides the algebraic dependences of the χpt 2 lecs on the strange quark mass, at two-loop order.
The article is structured as follows. In section 2, we illustrate the matching considered here with the vector-vector correlator, where a two-loop calculation in χpt 3 is available [15] , and where the two-loop result of χpt 2 can be read off easily, as a result of which the matching becomes almost trivial. In section 3, we turn to the general case and outline the method used. In section 4, we first present a linear combination between the local polynomials at order p 6 which holds in the restricted framework. Afterwards, we display the matching relations. The final section 5 contains concluding remarks.
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In principle, a matching of the lecs can be achieved by comparing pertinent matrix elements, calculated in both theories up to two-loop order, in the chiral limit: One then simply needs to expand the amplitudes from χpt 3 in small momenta up to the relevant order and establish the relations between the SU(2)-and SU(3)-lecs by equating the results of the two calculations. To illustrate the procedure, consider the matching in the case of the vectorvector correlator Π V π . This quantity was evaluated in the framework of χpt 3 to two loops in Refs. [16, 15] . In the chiral limit, the corresponding expression in the framework of χpt 2 may be easily obtained from the three flavour one by dropping the kaon contributions and replacing the SU(3)-lecs with the ones of SU(2), e.g. L 
where
Here, F 0 denotes the pion decay constant F at m s = 0. The square of the kaon mass in the chiral limit reads [3]
By requiring that Π
V π (t), we find
The first line of Eq. (6) was already derived in Ref. [3] , whereas the terms proportional to m s in the second line have been calculated while working on [4] . The result Eq. (7) will be derived by a general method again below. Note that the relation (7) involves a term proportional to 1/m s , a situation similar to the case of l 7 [3] . There, the singular term stems from a tree-level contribution, whereas for c r 56 , it originates from the momentum expansion of the loop function B V K in Eq. (4). Matching relations for the c i may involve terms proportional to 1/m 2 s as well. However, these occur only in monomials related to the sources s and p.
We now outline a systematic method which allows one to obtain matching relations without the need to evaluate a large number of matrix elements.
3
The idea is to restrict the physics of χpt 3 to the one of χpt 2 . To this end, we impose the following restrictions, collectively referred to as two-flavour limit:
i) the external sources of χpt 3 are restricted to the two-flavour subspace, with m s kept at its physical value; ii) the matching is performed in the chiral limit; iii) external momenta are restricted to values below the threshold of the massive fields,
The matching relations can then be read off from equating the pertinent generating functionals in χpt 3 and χpt 2 . [An analogous method was established in Ref. [17] in the context of the linear sigma model.]
It is straightforward to apply it at one-loop level to χpt and to obtain the relations presented in Ref. [3] for the pertinent lecs. We have extended it to the two-loop level and established the relations between the χpt 2 lecswhich appear in the effective lagrangians L 2 and L 4 -and the corresponding χpt 3 lecs [18, 4] . This technique was also applied to determine the strange quark mass dependence of the electromagnetic two-flavour lecs [12] .
In the present work we do not deal with the full χpt. Rather, we switch off the sources s and p (while retaining m s ). This yields the following simplifications:
i) the solution of the classical eom for the eta-field is trivial, η = 0; ii) there is no mixing between the η and the π 0 fields.
Point i) greatly simplifies the transition from χpt 3 building blocks of the monomials to those of two flavours, as it suppresses any effects from the eta, whereas point ii) eliminates many possible graphs and hence considerably reduces the requested labour. Indeed, in this restricted framework, the oneparticle reducible graphs (two one-loop diagrams linked by a single propagator) do not contribute to the matching: due to strangeness conservation, the linking propagator cannot be a kaon. Since we can concentrate on local terms only, we can drop the pions as candidates, too. The remaining one-particle reducible diagrams do not contribute to the matching at this order, as can be verified by working out the algebra of the vertices linking the single eta propagator with the one-loop part.
Aiming for the L 6 -monomials in the generating functional requires rather many graphs with sunset-like topology. In the two-flavour limit, where one is interested in the local contributions only, one can simplify the loop calculations by using a short distance expansion for the massive propagators. This simplifies drastically the involved loop integrals; however, the contributions from individual graphs are not chirally invariant. Collecting terms stemming from different graphs to obtain a manifestly chirally invariant result is rather cumbersome. Since we are interested in the local terms only, we use a shortcut which is based on gauge invariance 2 : one may choose a gauge such that at some fixed space-time point x 0 , the totally symmetric combination of up to three derivatives acting on the chiral connection vanish,
Up to four ordinary derivatives are then indistinguishable from the fully symmetric combinations of covariant derivatives:
2 We are grateful to H. Leutwyler for pointing out this possibility to us.
This allows us to write even intermediate results in a manifestly chiral invariant manner.
To check our calculations, we matched the available SU(2)-and SU(3)-results for the vector-vector correlator [15] (already discussed above) and for the pion form factor, worked out in Refs. [19] and [20] . 
Because the eom is different in the full framework, this relation is no longer valid there. We used Eq. (10) to exclude the monomial P 1 from our consideration. As a result, we give the matching for the  combinations of c r i , as shown in table 1. In the full framework, an additional matching relation (apart from the ones for the monomials involving the sources s and p) for c r 1 can be worked out, yielding the only missing piece in the matching for the  lecs worked out here.
To render the formulae more compact, we found it convenient to express the bare kaon mass squared B 0 m s through its equivalentM 2 K in the chiral limit, cf. (5). Then, the final result may be written in the form
where x i denotes one of the  linear combinations of the c r i displayed in table 1. The explicit expressions for the polynomials p (n) i in the χpt 3 -lecs are displayed in tables 2 and 3. We use the abbreviations
5 In summary, we have worked out the strange quark mass dependence of twoflavour lecs at order p 6 . The calculation is performed at two-loop order. To simplify the procedure, we have restricted the evaluation to lecs that occur in the axial and vector Green functions, in the chiral limit. This concerns  out of the  lecs at this order. The calculation of the pertinent relations for the remaining  lecs would require a very considerable amount of work.
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